
 

 

 

 

 

 
A hybrid PSTD/DG method to solve the linearized

Euler equations

❘❛ú❧ P❛❣á♥ ▼✉ñ♦③ ❛♥❞ ▼❛❛rt❡♥ ❍♦r♥✐❦①
❉❡♣❛rt♠❡♥t ♦❢ t❤❡ ❇✉✐❧t ❊♥✈✐r♦♥♠❡♥t✱ ❊✐♥❞❤♦✈❡♥ ❯♥✐✈❡rs✐t② ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❊✐♥❞❤♦✈❡♥✱ ❚❤❡ ◆❡t❤❡r✲

❧❛♥❞s✳

❙✉♠♠❛r②

❚❤❡ ❋♦✉r✐❡r Ps❡✉❞♦s♣❡❝tr❛❧ ❚✐♠❡ ❉♦♠❛✐♥ ✭❋♦✉r✐❡r✲P❙❚❉✮ ♠❡t❤♦❞ ✇❛s s❤♦✇♥ t♦ ❜❡ ❛♥ ❡✛❡❝t✐✈❡

✇❛② ♦❢ ♠♦❞❡❧❧✐♥❣ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✳ ❋♦✉r✐❡r✲P❙❚❉ ✐s ❜❛s❡❞ ♦♥ ❋♦✉r✐❡r ❛♥❛❧②s✐s ❛♥❞ s②♥t❤❡s✐s t♦

❝♦♠♣✉t❡ t❤❡ s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❡t❤♦❞ s✉✛❡rs ❢r♦♠

t❤❡ ✇❡❧❧✲❦♥♦✇♥ ●✐❜❜s ♣❤❡♥♦♠❡♥♦♥ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❛ ♥♦♥✲s♠♦♦t❤ ♦r ❞✐s❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❚❤✐s

❧✐♠✐ts ✐ts ♣♦ss✐❜✐❧✐t✐❡s t♦ ❝♦♠♣✉t❡ ❛r❜✐tr❛r② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❡t❤♦❞ ♥❡❡❞s t♦

❜❡ ❝♦♠♣✉t❡❞ ♦♥ ❛ r❡❣✉❧❛r ♠❡s❤✳ ❆❧t❤♦✉❣❤ s♦♠❡ ❞❡✈❡❧♦♣♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ t♦ ❧♦❝❛❧❧② r❡✜♥❡

t❤❡ ❣r✐❞ ✉s✐♥❣ ♠✉❧t✐❞♦♠❛✐♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ ✐ts ♣❡r❢♦r♠❛♥❝❡ ✐s ❧✐♠✐t❡❞ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❝♦♠♣❧❡①

❣❡♦♠❡tr✐❡s✳ ❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ❊✉❧❡r ❡q✉❛t✐♦♥s✱ ❝♦✉♣❧✐♥❣

t❤❡ ❋♦✉r✐❡r✲P❙❚❉ ♠❡t❤♦❞ ✇✐t❤ ❛ ♥♦❞❛❧ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ✭❉●✮ ♠❡t❤♦❞✳ ❉● ❡①❤✐❜✐ts ❛❧♠♦st

♥♦ r❡str✐❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♥♦✈❡❧

♠❡t❤♦❞ ✐s t♦ ❛❧❧♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛r❜✐tr❛r② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ❜②

✉s✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢ t❤❡ ❉● ♠❡t❤♦❞ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❋♦✉r✐❡r✲P❙❚❉ ✐♥ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ❞♦♠❛✐♥✳ ■♥ t❤✐s

♣❛♣❡r✱ ❛ ❝♦✉♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ♣r❡s❡♥t❡❞ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❤②❜r✐❞

❛♣♣r♦❛❝❤✳

P❆❈❙ ♥♦✳ ✹✸✳✷✽✳❏s

✶✳ ■♥tr♦❞✉❝t✐♦♥

■♥ ❣❡♥❡r❛❧✱ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ❛♥❞ ❧♦♥❣ t✐♠❡ ✐♥t❡✲
❣r❛t✐♦♥s ❛r❡ s♦✉❣❤t ✇❤❡♥ ❝♦♠♣✉t✐♥❣ s♦✉♥❞ ♣r♦♣❛✲
❣❛t✐♦♥✳ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s
✐s ♥❡❡❞❡❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ st❛❜✐❧✐t②
♦❢ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ✇❤✐❝❤ r❡♠❛✐♥s ❝❤❛❧❧❡♥❣✐♥❣ ✐♥
❝♦♠♣✉t❛t✐♦♥❛❧ ❛❝♦✉st✐❝s ❝♦♠♠✉♥✐t②✳ ■♥ t❤✐s s❡♥s❡✱ t❤❡
❜❡♥❡✜ts ♦❢ ✉s✐♥❣ ❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞s ✇❤❡♥ s♦❧✈✐♥❣
t✐♠❡ ❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ❞♦❝✉✲
♠❡♥t❡❞✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② ❍❡st❤❛✈❡♥ ❡t ❛❧✳ ❬✶❪✳ ❆♠♦♥❣
❤✐❣❤ ♦r❞❡r ♠❡t❤♦❞s✱ ❋♦✉r✐❡r ♣s❡✉❞♦s♣❡❝tr❛❧ t❡❝❤✲
♥✐q✉❡s ❤❛✈❡ s❤♦✇♥ t♦ ❜❡ ❛♥ ❡✛❡❝t✐✈❡ ✇❛② ♦❢ ♠♦❞❡❧❧✐♥❣
s♦✉♥❞ ♣r♦♣❛❣❛t✐♦♥✱ ❡✳❣✳✱ ❬✷❪✳ ❚❤❡s❡ ♠❡t❤♦❞s ✉s❡ ❛❧❧ t❤❡
✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❞♦♠❛✐♥ t♦ ❝♦♠♣✉t❡ t❤❡
s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❛♥❞
✇✐❞❡❧② ✉s❡❞ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡s t✐♠❡ ❞♦♠❛✐♥ ✭❋❉❚❉✮
♠❡t❤♦❞ ❬✸❪ ✉s❡s ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛r♦✉♥❞ t❤❡ ♣♦✐♥t
✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ❝❛❧❝✉❧❛t❡❞✳ ❚❤❡ ❋♦✉r✐❡r Ps❡✉✲
❞♦s♣❡❝tr❛❧ ❚✐♠❡ ❉♦♠❛✐♥ ✭❋♦✉r✐❡r✲P❙❚❉✮ ♠❡t❤♦❞ ❜❡✲
❧♦♥❣s t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❋♦✉r✐❡r s♣❡❝tr❛❧ t❡❝❤♥✐q✉❡s✳
❇♦t❤ ♠❡t❤♦❞s✱ ❋❉❚❉ ❛♥❞ ❋♦✉r✐❡r✲P❙❚❉✱ ❞✐s❝r❡t✐③❡
t❤❡ ♣❤②s✐❝❛❧ ❞♦♠❛✐♥ ✐♥ ❛ r❡❣✉❧❛r ♠❡s❤✱ ❝❛❧❝✉❧❛t✐♥❣

✭❝✮ ❊✉r♦♣❡❛♥ ❆❝♦✉st✐❝s ❆ss♦❝✐❛t✐♦♥

t❤❡ s♦❧✉t✐♦♥s ❛t ❞✐s❝r❡t❡ ♣♦✐♥ts✳ ■♥ ❋♦✉r✐❡r✲P❙❚❉✱ t❤❡
s♣❛t✐❛❧ ✈❛r✐❛❜❧❡s ❛r❡ tr❛♥s❢♦r♠❡❞ t❤r♦✉❣❤ ❛ s❡t ♦❢
❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❝♦♠♣✉t❡❞ ✐♥
t❤❡ tr❛♥s❢♦r♠❡❞ ❞♦♠❛✐♥✳ ❙✐♥❝❡ t❤❡ ❝❤♦s❡♥ ❜❛s✐s ❢✉♥❝✲
t✐♦♥s ❝♦♥s✐st ♦❢ ✭♣❡r✐♦❞✐❝✮ tr✐❣♦♥♦♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s✱
t❤❡ ❞♦♠❛✐♥ tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ❢❛st
❋♦✉r✐❡r tr❛♥s❢♦r♠s ✭❋❋❚✮✳ ❚❤❡ ♠❛✐♥ ❜❡♥❡✜t ✐s t❤❛t
❋♦✉r✐❡r✲P❙❚❉ r❡q✉✐r❡s ♦♥❧② t❤❡ t❤❡♦r❡t✐❝❛❧ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✭t✇♦ ♣❡r ✇❛✈❡❧❡♥❣t❤✮ t♦ s♦❧✈❡ t❤❡
❛❝♦✉st✐❝ ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❡st ✇✐t❤ s♣❡❝tr❛❧ ❛❝❝✉r❛❝②✱ ❛s
s❤♦✇♥ ❜② ▲✐✉ ❬✹❪✳ ❚❤❡r❡❢♦r❡✱ ❋♦✉r✐❡r✲P❙❚❉ ✐s ❜❛s❡❞
♦♥ ❋♦✉r✐❡r ❛♥❛❧②s✐s ❛♥❞ s②♥t❤❡s✐s t♦ ❝♦♠♣✉t❡ t❤❡ s♣❛✲
t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ✇❤✐❧❡ t❤❡
t✐♠❡✲♠❛r❝❤✐♥❣ s❝❤❡♠❡ ✐s ♦♣❡r❛t❡❞ ❜② ❛♥♦t❤❡r ♠❡t❤♦❞✱
❡✳❣✳✱ ❘✉♥❣❡✲❑✉tt❛ ✭❘❑✮✳ ❋♦✉r✐❡r✲P❙❚❉ ✐s ❛♥ ❡✣❝✐❡♥t
❛❧❣♦r✐t❤♠ t♦ ❝❛❧❝✉❧❛t❡ s♦✉♥❞ ♣r♦♣❛❣❛t✐♦♥ ❜✉t ✐t s✉❢✲
❢❡rs ❢r♦♠ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ●✐❜❜s ♣❤❡♥♦♠❡♥♦♥ ✇❤❡♥
❝♦♠♣✉t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ❛ ♥♦♥✲s♠♦♦t❤ ♦r ❞✐s❝♦♥✲
t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ❚❤✐s ♠❛❥♦r ❧✐♠✐t❛t✐♦♥✱ ❝❛✉s❡❞ ❜②
t❤❡ ♣❡r✐♦❞✐❝✐t② ❛ss✉♠❡❞ ✐♥ t❤❡ ❋❋❚✱ ❝❛♥ ❜❡ s♦❧✈❡❞✱
❡✳❣✳✱ ❜② ✉s✐♥❣ ♣❡r❢❡❝t❧② ♠❛t❝❤ ❧❛②❡rs ✭P▼▲✮ ❬✺❪✳ ❚r❡❛t✲
♠❡♥t ♦❢ r✐❣✐❞ ❜♦✉♥❞❛r✐❡s ❛♥❞ ❜♦✉♥❞❛r✐❡s ✇✐t❤ ❛ ❞✐❢✲
❢❡r❡♥t ❞❡♥s✐t② ❤❛✈❡ s✉❝❝❡ss❢✉❧❧② ❜❡❡♥ ♣r❡s❡♥t❡❞ ❬✷❪✱
❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ✐♠♣❡❞❛♥❝❡ ❜♦✉♥❞❛r② ❝♦♥✲
❞✐t✐♦♥s ❤❛s ❜❡❡♥ ♠❛❞❡ ❬✻❪✳ ❍♦✇❡✈❡r✱ ♥♦ ❛❝❝✉r❛t❡ s♦✲
❧✉t✐♦♥ t♦ ✐♠♣❡❞❛♥❝❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛s ❜❡❡♥
♣r❡s❡♥t❡❞ t❤✉s ❢❛r✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ♠❡♥t✐♦♥❡❞✱ t❤❡

1



❋✐❣✉r❡ ✶✿ ❍②❜r✐❞ ♦✈❡r❧❛♣♣✐♥❣ ♠❡s❤ ✇✐t❤mhyb = 1 ❛♥❞
NDG = 4 ✭♦♥❡ ❋♦✉r✐❡r✲P❙❚❉ ❛♥❞ ♦♥❡ ❉● ❡❧❡♠❡♥t✮✳

♠❡t❤♦❞ ♥❡❡❞s t♦ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ ❛ r❡❣✉❧❛r ♠❡s❤✳ ❆❧✲
t❤♦✉❣❤✱ s♦♠❡ ❞❡✈❡❧♦♣♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❜②
❍♦r♥✐❦① ❡t ❛❧✳ ❬✼❪ t♦ ❧♦❝❛❧❧② r❡✜♥❡ t❤❡ ❣r✐❞ ✉s✐♥❣ ♠✉❧✲
t✐❞♦♠❛✐♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ ✐ts ♣❡r❢♦r♠❛♥❝❡ ✐s ❧✐♠✐t❡❞
✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s✳

❚❤❡ ✐❞❡❛ ♦❢ ❝♦✉♣❧✐♥❣ ♠❡t❤♦❞♦❧♦❣✐❡s ✐♥ ♦r❞❡r t♦ ❣❡t
t❤❡ ❜❡♥❡✜ts ♦❢ ❡❛❝❤ s♦❧✈❡r ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♣r❡s❡♥t❡❞✱
❢♦r ✐♥st❛♥❝❡✱ ❜② ❯t③♠❛♥♥ ❡t ❛❧✳ ❬✽❪✳ ❲✐t❤ t❤❡ ♣✉r♣♦s❡
♦❢ ✐♥❝❧✉❞✐♥❣ ❛r❜✐tr❛r② ❜♦✉♥❞❛r② s❤❛♣❡s ❛♥❞ ❝♦♥❞✐t✐♦♥s
✐♥ t❤❡ ❋♦✉r✐❡r✲P❙❚❉ ♠❡t❤♦❞✱ t❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛
❤②❜r✐❞ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r✐③❡❞ ❊✉❧❡r ❡q✉❛✲
t✐♦♥s ✭▲❊❊✮✱ ❝♦✉♣❧✐♥❣ ❋♦✉r✐❡r✲P❙❚❉ ✇✐t❤ ❛ ♥♦❞❛❧
❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ t✐♠❡ ❞♦♠❛✐♥ ✭❉●✮ ♠❡t❤♦❞
❬✾❪✳ ❉● ✐s ❛ ✜♥✐t❡ ❡❧❡♠❡♥t s❝❤❡♠❡ t❤❛t ♦♣❡r❛t❡s ✐♥
❛ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ♦❢ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s
✇✐t❤ ♥♦ ❝♦♥t✐♥✉✐t② ❝♦♥str❛✐♥t ❛t ❝❡❧❧ ✐♥t❡r❢❛❝❡s✳ ❚❤❡
❝❡❧❧s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ✐ts ♥❡✐❣❤❜♦✉rs ✈✐❛ ♥✉♠❡r✐❝❛❧
✢✉① t❡r♠s ❜❛s❡❞ ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ s♦❧✉t✐♦♥s ❛t
❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ♠❡t❤♦❞ ❝♦♠♣✉t❡s t❤❡
s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ✉s✐♥❣
❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✇❤✐❧❡ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t
♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣✱ ❡✳❣✳✱ ❛
❧♦✇✲st♦r❛❣❡ ❘❑ s❝❤❡♠❡ ❬✶✵❪ ❬✶✶❪✳ ❚❤❡r❡❢♦r❡✱ ❉● ✐s
❛ ❧♦❝❛❧ ♠❡t❤♦❞ t❤❛t ❡①❤✐❜✐ts ❛❧♠♦st ♥♦ r❡str✐❝t✐♦♥s
✇✐t❤ r❡s♣❡❝t t♦ ❣❡♦♠❡tr✐❝❛❧ ❝♦♠♣❧❡①✐t②✱ ✐t ❛❧❧♦✇s t♦
❧♦❝❛❧❧② r❡✜♥❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦r❞❡r ❛♥❞✴♦r t❤❡ ❡❧❡✲
♠❡♥t s✐③❡✱ ❛♥❞ ✐t ✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✲
✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ❜♦✉♥❞❛r② ✐♠♣❡❞❛♥❝❡ ❝♦♥❞✐t✐♦♥ ❢♦r✲
♠✉❧❛t✐♦♥s ❛❧r❡❛❞② ❡①✐st✱ ❡✳❣✳ ❬✶✷❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❉● ❞♦❡s ♥♦t ❛❝❤✐❡✈❡ t❤❡ ♣♦✇❡r r❡s♦❧✉t✐♦♥ ♦❢ ❋♦✉r✐❡r✲
P❙❚❉✱ ✇❤❛t ❧✐♠✐ts t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞
r❡s♣❡❝t t❤❡ st❛♥❞❛❧♦♥❡ ❋♦✉r✐❡r✲P❙❚❉ s♦❧✈❡r✳ ▼♦r❡✲
♦✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♥♦❞❡s ✇✐t❤✐♥ t❤❡ ❉● ❡❧❡♠❡♥ts
❛r❡ t❤❡ ▲❡❣❡♥❞r❡✲●❛✉ss✲▲♦❜❛tt♦ ✭▲●▲✮ ♥♦♥✲❡q✉❛❧❧②
s♣❛❝❡❞ q✉❛❞r❛t✉r❡ ♣♦✐♥ts ✭s❡❡ ✜❣✉r❡ ✶✮✱ ✇❤✐❧❡ ❋♦✉r✐❡r✲
P❙❚❉ ✇♦r❦s ♦♥ ♦rt❤♦❣♦♥❛❧ ❡q✉✐❞✐st❛♥t ❣r✐❞s✳ ❚❤❡r❡✲
❢♦r❡✱ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞♦❧♦❣② ♥❡❡❞s t♦ ✐♥❝❧✉❞❡ s♣❛t✐❛❧
✐♥t❡r♣♦❧❛t✐♦♥ t♦ r❡❝♦♥str✉❝t t❤❡ ✈❛❧✉❡s ❡✈❡r②✇❤❡r❡✳ ❋✐✲
♥❛❧❧②✱ t❤❡ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇② ✭❈❋▲✮ ❝♦♥❞✐t✐♦♥✱
❧✐♠✐t✐♥❣ t❤❡ t✐♠❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞s✱ ✐s ♠♦r❡
r❡str✐❝t✐✈❡ ✐♥ ❉● t❤❛♥ ✐♥ ❋♦✉r✐❡r✲P❙❚❉ ✇❤❡♥ s♦❧✈✲
✐♥❣ t❤❡ s❛♠❡ s❝❡♥❛r✐♦✳ ❍❡♥❝❡✱ t❤❡ t✐♠❡ st❡♣s ✐♥ ❜♦t❤
s♦❧✈❡rs ✇✐❧❧ ❜❡ ❞✐✛❡r❡♥t ❛♥❞ t❤❡ ❞❛t❛ ❡①❝❤❛♥❣❡ ❜❡✲
t✇❡❡♥ t❤❡♠ ✇✐❧❧ ♦♥❧② ❜❡ ❞♦♥❡ ❛t ❋♦✉r✐❡r✲P❙❚❉ t✐♠❡
st❡♣s✳

■♥ t❤✐s ♣❛♣❡r✱ ❛ ❝♦✉♣❧✐♥❣ ❛❧❣♦r✐t❤♠ ❜❡t✇❡❡♥
❋♦✉r✐❡r✲P❙❚❉ ❛♥❞ ❉● ✐s ♣r❡s❡♥t❡❞ t♦ s♦❧✈❡ t❤❡ ▲❊❊
❢♦r ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♥♦✈❡❧
♠❡t❤♦❞ ✐s t♦ ❛❧❧♦✇ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛r❜✐tr❛r②

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ❜② ✉s✲
✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢ ❉● ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❋♦✉r✐❡r✲P❙❚❉ ✐♥
t❤❡ ❜✉❧❦ ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❙❡❝t✐♦♥ ✷ ✐♥❝❧✉❞❡s ❛ ❞❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ st❛♥❞❛❧♦♥❡ s♦❧✈❡rs✳
❙❡❝t✐♦♥ ✸ ❢♦❝✉s❡s ♦♥ t❤❡ ❤②❜r✐❞ t❡❝❤♥✐q✉❡ ✇❤✐❧❡ ❛♥
❛♥❛❧②s✐s ♦❢ ✐ts ♣r❡❝✐s✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳

✷✳ P❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ♥✉♠❡r✐❝❛❧

♠❡t❤♦❞s

❚❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ❛♥❞ t❤❡ ♥✉✲
♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❋r♦♠
♥♦✇ ♦♥✱ ❛❧❧ t❤❡ ❝♦♠♠♦♥ ✈❛r✐❛❜❧❡s ✇✐❧❧ ❜❡ ✐♥❞✐❝❛t❡❞
✇✐t❤ t❤❡ s✉❜s❝r✐♣t P❙ ♦r ❉● ✇❤❡♥ t❤❡② r❡❢❡r t♦
❋♦✉r✐❡r✲P❙❚❉ ♦r t♦ ♥♦❞❛❧ ❉● t✐♠❡ ❞♦♠❛✐♥ ♠❡t❤♦❞✱
r❡s♣❡❝t✐✈❡❧②✳

✷✳✶✳ P❤②s✐❝❛❧ ♠♦❞❡❧

❚❤❡ ♣❤②s✐❝❛❧ ♠♦❞❡❧ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ❣♦✈✲
❡r♥❡❞ ❜② t❤❡ ▲❊❊ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛❝♦✉st✐❝ ♣r♦♣✲
❛❣❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♠♦❞❡❧✱ t❤❡ ♣r♦♣❛✲
❣❛t✐♦♥ ♠❡❞✐✉♠ ✐s ❛t r❡st ❛♥❞ ✐ts t❡♠♣❡r❛t✉r❡ ✐s ❝♦♥✲
st❛♥t ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳ ■♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✭✸❉✮
❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥ ✶ ✐♥
♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ r❡❛❞s✿

∂q

∂t
+Aj

∂q

∂j
+Cq = 0, ✭✶✮

Aj =





















u0,j ρ0δx,j ρ0δy,j ρ0δz,j 0

0 u0,j 0 0
δx,j
ρ0

0 0 u0,j 0
δy,j
ρ0

0 0 0 u0,j

δz,j
ρ0

0 γp0δx,j γp0δy,j γp0δz,j u0,j





















C =





















∂u0,j
∂j

∂ρ0
∂x

∂ρ0
∂y

∂ρ0
∂z

0
u0,j
ρ0

∂u0,x
∂j

∂u0,x
∂x

+ D
∂u0,x

∂y

∂u0,x
∂z

0
u0,j
ρ0

∂u0,y
∂j

∂u0,y
∂x

∂u0,y
∂y

+ D
∂u0,y

∂z
0

u0,j
ρ0

∂u0,z
∂j

∂u0,z
∂x

∂u0,z
∂y

∂u0,z
∂z

+ D 0

0
∂p0
∂x

∂p0
∂y

∂p0
∂z

γ
∂u0,j

∂j





















D =
∂u0,j

∂j
+

u0,j

ρ0

∂ρ0

∂j

t❤❡ ❛❝♦✉st✐❝ ✈❛r✐❛❜❧❡s q = [ρ, ux, uy, uz, p]
T ❛r❡ ρ

t❤❡ ❞❡♥s✐t②✱ uj t❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ✇✐t❤ ✐♥❞❡①
j ❡q✉❛❧s t♦ ①✱ ② ♦r ③✱ ❛♥❞ ♣ t❤❡ ♣r❡ss✉r❡✳ γ ✐s t❤❡
❤❡❛t ❝❛♣❛❝✐t② r❛t✐♦ ❛♥❞ δ ❞❡♥♦t❡s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛
❢✉♥❝t✐♦♥✳ ❚❤❡ s♦✉♥❞ s♣❡❡❞ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s c2 =
γp0/ρ0✳ ❚❤❡ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦
t❤❡✐r ❛♠❜✐❡♥t ✈❛❧✉❡s✱ ❞❡♥♦t❡❞ ❜② s✉❜s❝r✐♣t ✵✱ ❛♥❞ t❤❡
❛❝♦✉st✐❝ ✢✉❝t✉❛t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡❞✐✉♠
✐s ❛t r❡st ✐♥ t❤✐s ✇♦r❦✱ t❤❡ ❛♠❜✐❡♥t ✈❡❧♦❝✐t② u0,j ✐s
❡q✉❛❧ ③❡r♦ ❛s ✇❡❧❧ ❛s ♠❛tr✐① ❈✳ ❚❤❡ ✈✐s❝♦✉s ❡✛❡❝ts
❛r❡ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥s✳ ❚❤❡ s❡t ✐s ❝♦♠♣❧❡t❡❞
✇✐t❤ ✐♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
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✷✳✷✳ ❋♦✉r✐❡r✲P❙❚❉ ♠❡t❤♦❞

❋♦✉r✐❡r✲P❙❚❉ ✐s ❛ ❣❧♦❜❛❧ ✇❛✈❡✲❜❛s❡❞ t✐♠❡✲❞♦♠❛✐♥
♠❡t❤♦❞ s✉✐t❛❜❧❡ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛❝♦✉st✐❝
♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠s ❣♦✈❡r♥❡❞ ❜② ❡q✉❛t✐♦♥ ✶✳ ❚❤❡
♠❡t❤♦❞ ✐s ❝♦♠♣✉t❡❞ ✐♥ ❛ r❡❣✉❧❛r ♠❡s❤ ❛♥❞ t❤❡ ❣r✐❞
s♣❛❝✐♥❣ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s♠❛❧❧❡st ✇❛✈❡❧❡♥❣t❤ ♦❢
✐♥t❡r❡st✳ ❚❤❡ ❣r❛❞✐❡♥ts ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ✇❛✈❡♥✉♠✲
❜❡r ❞♦♠❛✐♥ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✷✱ ❜② ♠✉❧t✐♣❧②✐♥❣ t❤❡
tr❛♥s❢♦r♠❡❞ ✈❛r✐❛❜❧❡s t✐♠❡s ikj ✱ ✇✐t❤ i t❤❡ ✐♠❛❣✐♥❛r②
♥✉♠❜❡r ❛♥❞ kj t❤❡ ✇❛✈❡♥✉♠❜❡r ✈❡❝t♦r ✐♥ ❈❛rt❡s✐❛♥
❞✐r❡❝t✐♦♥ j✱ ❛s s❤♦✇♥ ✐♥ ❡q✉❛t✐♦♥ ✸✳ ❚❤❡ tr❛♥s❢♦r♠❛✲
t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❛❝♦✉st✐❝ ✈❛r✐❛❜❧❡s ✐s ❞♦♥❡ ❜② ✉s✐♥❣
❋♦✉r✐❡r ❛♥❛❧②s✐s ❛♥❞ s②♥t❤❡s✐s ✭F ❛♥❞ F−1 ❛r❡ t❤❡
❢♦r✇❛r❞ ❛♥❞ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ r❡s♣❡❝t✐✈❡❧②✮✳

∂q

∂j
= F−1(ikjF(q)) ✭✷✮

kj =
2πnj,PS

Nj,PS∆rj,PS

✭✸✮

✇✐t❤ nj,PS ∈ [−
Nj,PS

2 +1,−
Nj,PS

2 +2, ...,
Nj,PS

2 ]✱ Nj,PS

t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ✐♥ t❤❡ ❈❛rt❡s✐❛♥ ❞✐✲
r❡❝t✐♦♥ j ❛♥❞ ∆rj,PS t❤❡ ❡q✉✐❞✐st❛♥t ❣r✐❞ s♣❛❝✐♥❣ ✐♥
t❤❛t ❞✐r❡❝t✐♦♥✳

✷✳✸✳ ◆♦❞❛❧ ❉● t✐♠❡ ❞♦♠❛✐♥ ♠❡t❤♦❞

❉● ❞✐✈✐❞❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥t♦ BDG

♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❝♦♥❢♦r♠✐♥❣ ❡❧❡♠❡♥ts✳ ❚❤❡ ♥♦❞❛❧ ❉●
s❝❤❡♠❡ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❛❝♦✉st✐❝ ✈❛r✐❛❜❧❡s ✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❜② ❛ ❞✐r❡❝t s✉♠ ♦❢ BDG ❧♦✲
❝❛❧ ♣♦❧②♥♦♠✐❛❧s (qb) ♦❢ ♦r❞❡r NDG✱ ❛♥❞ Nb,DG ✐s t❤❡
♥✉♠❜❡r ♦❢ ♥♦❞❛❧ ▲●▲ q✉❛❞r❛t✉r❡ ♣♦✐♥ts ✐♥ ❡❛❝❤ ❉●
❡❧❡♠❡♥t✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t b ✐s ✐♥❞✐❝❛t❡❞
❛s ∂b✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ❉● t✐♠❡ ❞♦♠❛✐♥ ♠❡t❤♦❞ ❝♦♠✲
♣✉t❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❊❊ ✉s✐♥❣ ♥♦❞❛❧ ❏❛❝♦❜✐ ♣♦❧②✲
♥♦♠✐❛❧s✳
❚❤❡ s❡♠✐✲❞✐s❝r❡t❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ▲❊❊✱ ❢♦❧❧♦✇✐♥❣

t❤❡ ✇♦r❦ ❜② ❚♦✉❧♦r❣❡ ❡t ❛❧✳ ❬✶✶❪ ❛♥❞ ❘❡②♠❡♥ ❡t ❛❧✳ ❬✶✸❪
✐s s❤♦✇♥ ✐♥ ❡q✉❛t✐♦♥ ✹✿

Mb ∂q
b

∂t
−

DDG
∑

r=1

Kb
rA

b
rq

b + · · ·

· · ·+

FDG
∑

i=1

M∂bi f̂∂bi + MbCbqb = 0 ✭✹✮

✇❤❡r❡ M ❛♥❞ K r❡♣r❡s❡♥t t❤❡ ♠❛ss ❛♥❞ st✐✛♥❡ss ♠❛✲
tr✐❝❡s✱ r❡s♣❡❝t✐✈❡❧②✱ A ❛♥❞ C ❛r❡ ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥
✷✳✶ ❛♥❞ f̂∂b ✐s t❤❡ ♥✉♠❡r✐❝❛❧ ✢✉①✳ ❋✐♥❛❧❧②✱ ✐♥❞❡① DDG

r❡♣r❡s❡♥ts t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ FDG

t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ♦❢ ❡❛❝❤ ❉● ❡❧❡♠❡♥t✳ ❚❤❡ ♥✉♠❡r✐✲
❝❛❧ ✢✉① ❞❡♣❡♥❞s ♦♥❧② ♦♥ t✇♦ ✈❛❧✉❡s q−h ❛♥❞ q+h ♦♥ ❡❧❡✲
♠❡♥ts b− ❛♥❞ b+ t❤❛t s❤❛r❡ ∂b✳ ❋♦r t❤✐s ✇♦r❦✱ ❛ ❢✉❧❧②
✉♣✇✐♥❞ ✢✉① s❝❤❡♠❡ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ t❤❛t ❤❛s ♦♣t✐♠❛❧
❞✐ss✐♣❛t✐♦♥ ♣r♦♣❡rt✐❡s ✇❤❡♥ s♦❧✈✐♥❣ ❧✐♥❡❛r P❉❊✬s✳

x [m]

P
re

s
s
u

re
 [

P
a

]

 

 
Coupling zone
DG
Fourier−PSTD
Gaussian window

❋✐❣✉r❡ ✷✿ ■♥✐t✐❛❧ ♣r❡ss✉r❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✶❉ ❤②❜r✐❞
❞♦♠❛✐♥ ❛♥❞ ❞❡t❛✐❧ ♦❢ t❤❡ ●❛✉ss✐❛♥ ✇✐♥❞♦✇✳ ❚❤❡ ❈❩
✐s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ✜❣✉r❡ ✇❤❡r❡ ❜♦t❤ ♠❡s❤❡s ♦✈❡r❧❛♣✳

x [m]
 

 
Coupling zone
DG
Fourier−PSTD
Gaussian window

BTW−DEA

DEA−DGtoPSTD

DEA−PSTDtoDG

❋✐❣✉r❡ ✸✿ ❚❤❡ t❤r❡❡ ❛r❡❛s ♦❢ t❤❡ ❈❩✿ ❞❛t❛✲❡①❝❤❛♥❣❡
❛r❡❛ ❢r♦♠ ❋♦✉r✐❡r✲P❙❚❉ t♦ ❉● ✭❉❊❆✲P❙t♦❉●✮✱
❞❛t❛✲❡①❝❤❛♥❣❡ ❛r❡❛ ❢r♦♠ ❉● t♦ ❋♦✉r✐❡r✲P❙❚❉ ✭❉❊❆✲
❉●t♦P❙✮ ❛♥❞ ❛r❡❛ ❜❡t✇❡❡♥ t❤❡♠ ✭❇❚❲✲❉❊❆✮✳

✷✳✹✳ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡

❚❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥❙ ❛r❡
❝♦♠♣✉t❡❞ ✐♥ ❜♦t❤ s♦❧✈❡rs ✉s✐♥❣ ❧♦✇✲st♦r❛❣❡ ❘✉♥❣❡✲
❑✉tt❛ s❝❤❡♠❡s✳ ❋♦✉r✐❡r✲P❙❚❉ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡
♦♣t✐♠✐③❡❞ s✐①✲st❛❣❡ ❘❑ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❜② ❇♦❣❡②
❛♥❞ ❇❛✐❧❧② ❬✶✹❪✱ r❡❢❡rr❡❞ ❛s ❘❑♦✻s❀ ✇❤✐❧❡ ❢♦r ❉●✱ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤r❡❡ ❞✐✛❡r❡♥t ❘❑ s❝❤❡♠❡s ❛r❡ ❝♦♠✲
♣❛r❡❞ ✐♥ t❤✐s ✇♦r❦✿ ❘❑♦✻s✱ t❤❡ ❢♦rt❤✲♦r❞❡r ✜✈❡✲st❛❣❡
s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ❜② ❈❛r♣❡♥t❡r ❬✶✺❪ ✭❘❑✺✹✮ ❛♥❞ t❤❡
♦♣t✐♠✐③❡❞ ❢♦rt❤✲♦r❞❡r ❡✐❣❤t✲st❛❣❡ s❝❤❡♠❡ ✭❘❑❋✽✹✮
❞❡r✐✈❡❞ ❜② ❚♦✉❧♦r❣❡ ❛♥❞ ❉❡s♠❡t ❬✶✶❪✳

✸✳ ❍②❜r✐❞ ♠❡t❤♦❞♦❧♦❣②

❚❤❡ ✶❉ ❤②❜r✐❞✐③❛t✐♦♥ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛✲
♣❡r ✐s ❜❛s❡❞ ♦♥ str✉❝t✉r❡❞ ♠❡s❤❡s ❢♦r ❜♦t❤ s♦❧✈❡rs✱
✇❤❡r❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❉● ❡❧❡♠❡♥ts ✐s ❢♦r❝❡❞ t♦ ❜❡
❛♥ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ❋♦✉r✐❡r✲P❙❚❉
❡❧❡♠❡♥ts ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶ ✭∆rDG = mhyb∆rPS

✇❤❡r❡✱ mhyb ∈ N1✳ ❚❤❡ ✐♥❞❡① j ✐♥ t❤❡ ✈❛r✐❛❜❧❡s ✐s
♦♠✐tt❡❞ ❢♦r t❤❡ ✶❉ ❝❛s❡✮ ❛♥❞ t❤❡ s✐③❡ ∆rPS ✐s ❞❡✲
t❡r♠✐♥❡❞ ❜② t❤❡ s♠❛❧❧❡st ✇❛✈❡❧❡♥❣t❤ ♦❢ ✐♥t❡r❡st✳ ■♥
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❋✐❣✉r❡ ✹✿ P♦st✲♣r♦❝❡ss✐♥❣ ❛♥❞ ❞❛t❛ ❡①❝❤❛♥❣❡ ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ ③♦♥❡ ✭mhyb = 1 ❛♥❞ NDG = 4✮

❋✐❣✉r❡ ✺✿ ❚✐♠❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❤②❜r✐❞✐③❛t✐♦♥ ♣r♦❝❡ss✳

t❤✐s ✇♦r❦✱ ♦♥❧② t❤❡ ❝❛s❡ ✇❤❡r❡ mhyb = 1 ✐s ✐♥✈❡st✐✲
❣❛t❡❞✱ ✇❤❡r❡ t❤❡ ❋♦✉r✐❡r✲P❙❚❉ ♥♦❞❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t
✇✐t❤ s♦♠❡ ♦❢ t❤❡ ❉● ♥♦❞❡s✳ ❚❤❡r❡❢♦r❡✱ ♥♦ s♣❛t✐❛❧ ✐♥✲
t❡r♣♦❧❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❜❡❢♦r❡ ❝♦♣②✐♥❣ ✈❛❧✉❡s ❢r♦♠ ❉●
t♦ ❋♦✉r✐❡r✲P❙❚❉✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s s♣❛✲
t✐❛❧❧② ❞✐✈✐❞❡❞ ✐♥t♦ ❛ ❋♦✉r✐❡r✲P❙❚❉ s✉❜❞♦♠❛✐♥ ❛♥❞ ❛
❉● s✉❜❞♦♠❛✐♥ ✇✐t❤ ❛ ❝♦✉♣❧✐♥❣ ③♦♥❡ ❛r❡❛ ✭❈❩✮ ❛s ✐❧✲
❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ❈❩ ✐s t❤❡ ❞❛t❛✲❡①❝❤❛♥❣❡
❛r❡❛ ❜❡t✇❡❡♥ s♦❧✈❡rs ✇❤❡r❡ ❜♦t❤ ♠❡s❤❡s ♦✈❡r❧❛♣ ❛♥❞
❤❛✈❡ s♦♠❡ ❝♦✐♥❝✐❞❡♥t ♥♦❞❡s✳ ❚❤❡ ❈❩ ✐s ❞✐✈✐❞❡❞ ✐♥ ❛
❞❛t❛✲❡①❝❤❛♥❣❡ ❛r❡❛ ❢r♦♠ ❋♦✉r✐❡r✲P❙❚❉ t♦ ❉● ✭❉❊❆✲
P❙t♦❉●✮✱ ❛ ❞❛t❛✲❡①❝❤❛♥❣❡ ❛r❡❛ ❢r♦♠ ❉● t♦ ❋♦✉r✐❡r✲
P❙❚❉ ✭❉❊❆✲❉●t♦P❙✮ ❛♥❞ ❛ t❤✐r❞ ❛r❡❛ ❜❡t✇❡❡♥ t❤❡♠
✭❇❚❲✲❉❊❆✮✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡s ✸ ❛♥❞ ✹✳ ❚❤❡
♠❛①✐♠✉♠ ❢r❡q✉❡♥❝② ✭fmax,PS✮✱ ❧✐♠✐t❡❞ ❜② t❤❡ s♣❛t✐❛❧
◆②q✉✐st ❝♦♥❞✐t✐♦♥ ✐♥ ❋♦✉r✐❡r✲P❙❚❉✱ ❝♦rr❡s♣♦♥❞s t♦ ❛
❣r✐❞ s♣❛❝✐♥❣ ∆rPS = c/(2fmax,PS) ♦r t✇♦ ♣♦✐♥ts ♣❡r
✇❛✈❡❧❡♥❣t❤✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ r❡s✉❧ts ❛r❡ ❧✐♠✐t❡❞ ✉♣ t♦
fmax,hyb = c/(2.5∆rPS)✳

✸✳✶✳ ■♥✐t✐❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❚❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ✐♥ ❋♦✉r✐❡r✲P❙❚❉
❛r❡ ❛ ❜r♦❛❞❜❛♥❞ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ❞✐str✐❜✉t✐♦♥

p(x, t0) = e−bs(x−xs)
2

✱ u(x, t0) = −p(x, t0)/ρ0c✱
✇❤❡r❡ bs ❞❡t❡r♠✐♥❡s t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ s♣❡❝✲
tr✉♠ ❛♥❞ xs t❤❡ s♦✉r❝❡ ❧♦❝❛t✐♦♥✳ ■♥ t❤✐s ✇♦r❦✱ bs =
1/(2(2.5∆rPS)

2)[m−2] ✐s ✉s❡❞✳ ❋✐❣✉r❡ ✷ ✐s s❤♦✇✐♥❣ t❤❡
✐♥✐t✐❛❧ ♣r❡ss✉r❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ✶❉ ❤②❜r✐❞ ❞♦♠❛✐♥✳
■♥ ❉●✱ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ❝♦♠♣✉t❛t✐♦♥ ✐s ✐♥✐t✐❛❧✐③❡❞
✇✐t❤ ❛ ③❡r♦✲✈❛❧✉❡❞ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ❞✐str✐❜✉t✐♦♥✳
❘❡❧❛t✐✈❡ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛ ✇✐♥❞♦✇ t♦ ♦❜✲
t❛✐♥ ♣❡r✐♦❞✐❝✐t② ✐s ✉s❡❞ ✐♥ ❋♦✉r✐❡r✲P❙❚❉ ✭s❡❡ s❡❝t✐♦♥
✸✳✹✮✳ ❲❤✐❧❡ ❢♦r ❉●✱ t❤❡ ❧❡❢t ❡♥❞ ♦❢ t❤❡ ❞♦♠❛✐♥ ✐s ❝♦♠✲
♣✉t❡❞ ✉s✐♥❣ ❛♥ ❛❝♦✉st✐❝❛❧❧② r✐❣✐❞ ❜♦✉♥❞❛r② ✇❤✐❧❡ t❤❡
r✐❣❤t ❡♥❞ ✐s ✇❤❡r❡ t❤❡ ✈❛❧✉❡s ❢r♦♠ ❋♦✉r✐❡r✲P❙❚❉ ❛r❡
❝♦♣✐❡❞✳

✸✳✷✳ ❚✐♠❡ ✐t❡r❛t✐♦♥✱ ♣♦st✲♣r♦❝❡ss✐♥❣ ❛♥❞ ❞❛t❛

❡①❝❤❛♥❣❡

❚❤❡ ❤②❜r✐❞ t✐♠❡ ♣r♦❝❡ss ✐s s❝❤❡♠❛t✐❝❛❧❧② s❤♦✇♥ ✐♥
✜❣✉r❡ ✺✳ ❚❤❡ ❞❛t❛ ✐s ♣♦st✲♣r♦❝❡ss❡❞ ❛♥❞ ❡①❝❤❛♥❣❡❞
❛❢t❡r ❡✈❡r② ❋♦✉r✐❡r✲P❙❚❉ t✐♠❡ st❡♣✱ ∆tPS ✳ ❚❤❡ t❤r❡❡
st❡♣s t❛❦❡♥ ✐♥ t❤❡ ♣♦st✲♣r♦❝❡ss✐♥❣ ❛♥❞ ❞❛t❛ ❡①❝❤❛♥❣❡
♣r♦❝❡ss ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳ ❙t❡♣ ✶✮ ❝♦♥s✐sts ♦❢ t❤❡
s♣❡❝tr❛❧✲✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r✲P❙❚❉ s♦❧✉t✐♦♥ ✐♥
♦r❞❡r t♦ ✜♥❞ t❤❡ ✈❛❧✉❡s ❛t t❤❡ ❉● ♥♦❞❡s ✐♥ t❤❡ ❉❊❆✲
P❙t♦❉● ❛r❡❛✳ ■♥ st❡♣ ✷✮✱ ❞❛t❛ ✐s ❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥
s♦❧✈❡rs ✐♥ t❤❡ ❞❛t❛✲❡①❝❤❛♥❣❡ ❛r❡❛s✳ ❋✐♥❛❧❧②✱ t♦ ♦❜t❛✐♥
s♣❛t✐❛❧ ♣❡r✐♦❞✐❝✐t② ❛♥❞ ❛✈♦✐❞ ●✐❜❜s ♣❤❡♥♦♠❡♥♦♥✱ t❤❡
❛❝♦✉st✐❝ ❋♦✉r✐❡r✲P❙❚❉ ✈❛r✐❛❜❧❡s ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❜② ❛
●❛✉ss✐❛♥ ✇✐♥❞♦✇ ✐♥ st❡♣ ✸✮ ❜❡❢♦r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♥❡①t
t✐♠❡ st❡♣✳
■♥ ❋♦✉r✐❡r✲P❙❚❉✱ t❤❡ t✐♠❡ st❡♣ ✐s ❝❤♦s❡♥ t♦ ❜❡

∆tPS = CFLPS∆rPS/c ✇❤✐❧❡✱ ❉● t✐♠❡ st❡♣ ✐s ❝❛❧❝✉✲
❧❛t❡❞ ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ∆tDG = ∆tPS/shyb ✇❤❡r❡✱
shyb ∈ N1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❋♦✉r✐❡r✲P❙❚❉ t✐♠❡ st❡♣ ✐s
❛♥ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❉● t✐♠❡ st❡♣s✳ ■♥ t❤✐s ✇♦r❦✱
CFLPS = 0.5 ✐s ✉s❡❞✱ ✇❤✐❧❡ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞ ✐s
✐♥✈❡st✐❣❛t❡❞ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ shyb✳
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✸✳✸✳ ❙♣❡❝tr❛❧ ✐♥t❡r♣♦❧❛t✐♦♥

❙♣❡❝tr❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ♥♦♥✲
❝♦✐♥❝✐❞❡♥t ❉● ♥♦❞❡ g ✇✐t❤ ❝♦♦r❞✐♥❛t❡s xg,DG ✐♥ t❤❡
❉❊❆✲P❙t♦❉● ❛r❡❛✳ ❚❤❡ ✈❛❧✉❡ ❛t ❡❛❝❤ ❉● ♥♦❞❡ ✐s ✐♥✲
t❡r♣♦❧❛t❡❞ ❢r♦♠ t❤❡ ❝❧♦s❡st ❋♦✉r✐❡r✲P❙❚❉ ♥♦❞❡✱ ✇✐t❤
∆xg,int t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡
✈❛r✐❛❜❧❡s ❛t ❡❛❝❤ ♠✐ss✐♥❣ ❉● ❧♦❝❛t✐♦♥ ❛r❡ ❝♦♠♣✉t❡❞
✐♥ t❤❡ ✇❛✈❡♥✉♠❜❡r ❞♦♠❛✐♥ ❜② ✉s✐♥❣ ❡q✉❛t✐♦♥ ✺✳

qg,int = F−1(e−ik∆xg,intF(q)) ✭✺✮

✸✳✹✳ ❋♦✉r✐❡r✲P❙❚❉ ●❛✉ss✐❛♥ ✇✐♥❞♦✇

❚❤❡ ✜❡❧❞ ❋♦✉r✐❡r✲P❙❚❉ ✈❛r✐❛❜❧❡s ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❜②
❛ ●❛✉ss✐❛♥ ✇✐♥❞♦✇ t♦ ♦❜t❛✐♥ ♣❡r✐♦❞✐❝✐t②✳ ❚❤❡ ●❛✉s✲
s✐❛♥ ✇✐♥❞♦✇ ❛❝ts ❧✐❦❡ ❛ P▼▲ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢
t❤❡ ❋♦✉r✐❡r✲P❙❚❉ ❞♦♠❛✐♥✳ ❚❤❡ s✐♥❣❧❡ s✐❞❡ ❡①♣♦♥❡♥✲
t✐❛❧ ♣❛rt ♦❢ t❤❡ ✇✐♥❞♦✇ ❤❛s Nw,PS ♥✉♠❜❡r ♦❢ ♣♦✐♥ts
❛♥❞ ✐t ✐s ❝♦✐♥❝✐❞❡♥t ✇✐t❤ t❤❡ ❉❊❆✲❉●t♦P❙ ❛r❡❛✳ ❚❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ✇✐♥❞♦✇ ✐s ❡q✉❛❧ t♦ t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ ❋♦✉r✐❡r✲P❙❚❉ ♥♦❞❡s✱ NPS ✳ ❚❤❡ ♠❛✐♥
♣❛r❛♠❡t❡rs ♦❢ t❤❡ ●❛✉ss✐❛♥ ✇✐♥❞♦✇✱ ✐✳❡ Nw,PS ✱ αw

❛♥❞ βw✱ ❛r❡ s❡❧❡❝t❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐♥❞✐❝❛t✐♦♥s ✐♥ ❬✼❪✳

✹✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞♦❧♦❣②

❚♦ ✜♥❞ ❛♥ ♦♣t✐♠✉♠ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❤②❜r✐❞
♠❡t❤♦❞♦❧♦❣②✱ ✐t ✐s ♥❡❡❞❡❞ t♦ ❞❡t❡r♠✐♥❡ ❛♥❞ q✉❛♥t✐❢②
t❤❡ s♦✉r❝❡s ♦❢ ❡rr♦r ✐♥ ♦r❞❡r t♦ s❡❧❡❝t ❛ s✉✐t❛❜❧❡ ❝♦♠✲
❜✐♥❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs✳ ❆❧♦♥❣ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❡rr♦r
✐s q✉❛♥t✐✜❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ tr❛♥s❢♦r♠❡❞ ❛❝♦✉st✐❝
✈❛r✐❛❜❧❡s ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✇✐t❤ t❤❡ ❛♥❛✲
❧②t✐❝❛❧ s♦❧✉t✐♦♥s ✉s✐♥❣ ❡q✉❛t✐♦♥s ✻ ❛♥❞ ✼✳

ǫamp(fi) = 20log10

∣

∣

∣

∣

(

|Qa(fi)| − |Qh(fi)|

|Qa(fi)|

)∣

∣

∣

∣

✭✻✮

ǫpha(fi) = 20log10

(

|φ[Qa(fi)]− φ[Qh(fi)]|

π

)

✭✼✮

✇❤❡r❡✱ Qa ❛♥❞ Qh ❛r❡ t❤❡ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞ s♦❧✉t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤ ❛r❡ ❝♦♠♣✉t❡❞
❢r♦♠ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ r❡❝♦r❞❡❞ ✈❛r✐✲
❛❜❧❡s t♦ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ ❇♦t❤ ❡rr♦rs ✇✐❧❧ ❜❡ ❡①✲
♣r❡ss❡❞ ❛s t❤❡ ♠❛①✐♠✉♠ ❡rr♦r ✐♥ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡
❬✵✱fmax,hyb❪✱ ǫamp,max ❛♥❞ ǫpha,max✳ ❚❤❡ ❡rr♦rs ✐♥ t❤✐s
✇♦r❦ ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ s♦✉♥❞ ♣r❡ss✉r❡ s♦❧✉t✐♦♥s✳
❯♥❧❡ss ♦t❤❡r✇✐s❡ ✐♥❞✐❝❛t❡❞✱ t❤❡s❡ ❛r❡ t❤❡ ♠❛✐♥ ♣❛✲

r❛♠❡t❡rs ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✿ ✶✮ t❤❡ r❡s✉❧ts ❛r❡ ♣r❡✲
s❡♥t❡❞ ✉♣ t♦ fmax,hyb = 12000 ❬❍③❪❀ ✷✮ t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✐s ∆rPS = ∆rDG = 0.011
❬♠❪❀ ✸✮ t❤❡ s✐③❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❛r❡❛s ❛r❡ ❬❉❊❆✲
P❙t♦❉●✱ ❇❚❲✲❉❊❆✱ ❉❊❆✲❉●t♦P❙❪❂❬✶✱✶✱✶✵✵❪ ❡❧✲
❡♠❡♥ts❀ ✹✮ t❤❡ ❧✐♠✐ts ♦❢ t❤❡ ❤②❜r✐❞ ❞♦♠❛✐♥ ❛r❡
[xmin,hyb, xmax,hyb] = [−1.178, 5] ❬♠❪ ❛♥❞ t❤❡ r✐❣❤t
❧✐♠✐t ♦❢ t❤❡ ❉● ❞♦♠❛✐♥ ✐s ❛❧✇❛②s ❧♦❝❛t❡❞ ❛t
xmax,DG = 0 ❬♠❪❀ ✺✮ t❤❡ ❡①❝✐t❛t✐♦♥ ✐s ❧♦❝❛t❡❞ ❛t

❚❛❜❧❡ ■✿ ❘❑ s❝❤❡♠❡ ❝♦♠♣❛r✐s♦♥ ❢♦r t❤❡ ❉● s♦❧✈❡r ❛♥❞
❉● ♣♦❧②♥♦♠✐❛❧ ♦r❞❡r ❛♥❞ t✐♠❡ st❡♣ ♦♣t✐♠✐③❛t✐♦♥✳

❘❑♦✻s ❘❑✺✹ ❘❑❋✽✹
[NDG, shyb]ǫamp

❬✺✱✺❪ ❬✺✱✽❪ ❬✺✱✸❪
[NDG, shyb]ǫpha

❬✹✱✽❪ ❬✹✱✺❪ ❬✹✱✸❪

❚❛❜❧❡ ■■✿ ❍②❜r✐❞ ♠❡t❤♦❞ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ♠❛①✲
✐♠✉♠ ❡rr♦rs ❝♦♠♣❛r❡ ✇✐t❤ ❋♦✉r✐❡r✲P❙❚❉ ❛♥❞ ❉●
st❛♥❞❛❧♦♥❡ s♦❧✈❡rs✳

❍②❜r✐❞ ❋♦✉r✐❡r✲P❙❚❉ ❉●
ǫamp,max ❬❞❇❪ ✲✹✼✳✻ ✲✹✽✳✵ ✲✻✸✳✼
ǫpha,max ❬❞❇❪ ✲✷✼✳✵ ✲✷✼✳✵ ✲✺✺✳✼

xs = 0.5 ❬♠❪ ❛♥❞ t❤❡ r❡❝♦r❞✐♥❣ ♣♦s✐t✐♦♥ ❛t xrec = 2
❬♠❪❀ ✻✮ t❤❡ ♣r❡ss✉r❡ ✐s r❡❝♦r❞❡❞ ✉♣ t♦ trec = 4247∆tPS

❬s❪❀ ❛♥❞ ✼✮ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ●❛✉ss✐❛♥ ✇✐♥❞♦✇ ❛r❡
Nw,PS = 100✱ αw ≃ 7.4 ❛♥❞ βw = 3✳

✹✳✶✳ ❉● ❘❑ s❝❤❡♠❡ ❛♥❞ ♣❛r❛♠❡t❡r st✉❞②

❚❤❡ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❡✈❛❧✉❛t❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ❢♦r
❞✐✛❡r❡♥t ❘❑ t✐♠❡ s❝❤❡♠❡s ✐♥ t❤❡ ❉● s♦❧✈❡r✿ ❘❑✵✻s✱
❘❑✺✹ ❛♥❞ ❘❑❋✽✹✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❘❑♦✻s ❢♦r t❤❡
❋♦✉r✐❡r✲P❙❚❉ ❝♦♠♣✉t❛t✐♦♥s✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡♠✱ ❛❧❧
❝♦♠❜✐♥❛t✐♦♥s ♦❢ 3 6 NDG 6 10 ❛♥❞ 1 6 shyb 6 10
❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ♦♣t✐♠✉♠
st❛❜❧❡ ❝❛s❡s✳ ❚❤❡ ❧♦✇❡st ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♠❜✐♥❛t✐♦♥
[NDG, shyb] t❤❛t ❣✐✈❡ ❛ ❝♦♥✈❡r❣❡♥t s♦❧✉t✐♦♥ ❛r❡ ♣r❡✲
s❡♥t❡❞ ✐♥ t❛❜❧❡ ■✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♦❧✉t✐♦♥
✐s ❡✈❛❧✉❛t❡❞ ❜② ❝♦♠♣❛r✐♥❣ ǫamp,max ❛♥❞ ǫpha,max ❢♦r
❡❛❝❤ ❝❛s❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡s ♦❢ t❤❡ ❡rr♦rs ♦❢ ❛❧❧
st❛❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❛❧❧ ❘❑
s❝❤❡♠❡s ❣✐✈❡ ♦♣t✐♠✉♠ r❡s✉❧ts ❢♦r ♣♦❧②♥♦♠✐❛❧ ♦r❞❡r
NDG = 5✳ ❇✉t✱ ✇❤✐❧❡ ❘❑♦✻s ❛♥❞ ❘❑✺✹ r❡q✉✐r❡ ✺ ❛♥❞
✽ ❉● t✐♠❡ st❡♣s✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ ❣❡t ❛ ❝♦♥✈❡r❣❡♥t st❛✲
❜❧❡ s♦❧✉t✐♦♥✱ ❘❑❋✽✹ r❡q✉✐r❡s ♦♥❧② ✸✳ ❈❧❡❛r❧②✱ t❤❡ ♦♣✲
t✐♠✉♠ ❝❛s❡ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ ❘❑❋✽✹ s❝❤❡♠❡✱ t❤♦✉❣❤✱
✐t ♥❡❡❞s ♠♦r❡ ❘❑ st❛❣❡s✳

✹✳✷✳ ❍②❜r✐❞ ♠❡t❤♦❞ ♣r❡❝✐s✐♦♥

❚❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞ ✐s ❡✈❛❧✉❛t❡❞ ❢♦r
t❤❡ ♦♣t✐♠✉♠ s❝❡♥❛r✐♦ ❢♦✉♥❞ ✐♥ s❡❝t✐♦♥ ✹✳✶✳ ❚❤❡ ❡r✲
r♦rs ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❋♦✉r✐❡r✲P❙❚❉ ❛♥❞ ❉●
st❛♥❞❛❧♦♥❡ s♦❧✉t✐♦♥s ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ s❛♠❡ ❝❛s❡✳
❚❤❡ r❡s✉❧ts ✐♥ ✜❣✉r❡ ✻ s❤♦✇ t❤❛t ǫamp ❛♥❞ ǫpha ♦❢
t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❋♦✉r✐❡r✲P❙❚❉ st❛♥❞❛❧♦♥❡
s♦❧✈❡r ❛❧♠♦st ❝♦❧❧❛♣s❡ ✐♥ t❤❡ ❣r❛♣❤s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢
t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡ ❡rr♦rs ❜❡t✇❡❡♥ ❜♦t❤ ♠❡t❤✲
♦❞s ✐s ❛❜♦✉t ✵✳✹ ❞❇✱ ✇❤✐❧❡ ♥♦ ❞✐✛❡r❡♥❝❡ ✐s ❢♦✉♥❞ ❢♦r
t❤❡ ♠❛①✐♠✉♠ ♣❤❛s❡ ❡rr♦r✱ ❛s s❤♦✇♥ ✐♥ t❛❜❧❡ ■■✳
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❋✐❣✉r❡ ✻✿ ǫamp ❛♥❞ ǫpha ♦❢ t❤❡ ❤②❜r✐❞ ♠❡t❤♦❞ ❝♦♠✲
♣❛r❡ ✇✐t❤ t❤❡ st❛♥❞❛❧♦♥❡ s♦❧✈❡rs ✭❤②❜r✐❞ ❛♥❞ ❋♦✉r✐❡r✲
P❙❚❉ st❛♥❞❛❧♦♥❡ ❡rr♦rs ❛❧♠♦st ❝♦❧❧❛♣s❡✮✳

✺✳ ❈❖◆❈▲❯❙■❖◆❙

❆ ❤②❜r✐❞ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ t♦ s♦❧✈❡ t❤❡
▲❊❊✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s s✉✐t❛❜❧❡ ❢♦r ❝♦♠♣✉t✐♥❣ ❜♦✉♥❞✲
❛r✐❡s ✉s✐♥❣ t❤❡ ❜❡♥❡✜ts ♦❢ ❉● ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❋♦✉r✐❡r✲
P❙❚❉ ✐♥ t❤❡ ❜✉❧❦ ♦❢ t❤❡ ❞♦♠❛✐♥✳ ❚❤❡ ♠❡t❤♦❞ ❝♦✉✲
♣❧❡s t❤❡ r❡❣✉❧❛r ♠❡s❤ ♦❢ ❋♦✉r✐❡r✲P❙❚❉ ✇✐t❤ t❤❡ ♥♦♥✲
❡q✉❛❧❧② s♣❛❝❡❞ ❉● ♥♦❞❡s✳ ■♥ t❤✐s ✇♦r❦✱ ❜♦t❤ ❣r✐❞s ❛r❡
❝♦♥❢♦r♠❡❞ t♦ ❛✈♦✐❞ s♣❛t✐❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❉●
✈❛r✐❛❜❧❡s✱ ✇❤✐❧❡✱ s♣❡❝tr❛❧ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❋♦✉r✐❡r✲
P❙❚❉ s♦❧✉t✐♦♥ ✐s st✐❧❧ ♥❡❡❞❡❞✳ ❉✉r✐♥❣ t❤❡ ❤②❜r✐❞✐③❛✲
t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❞❛t❛ ✐s ❡①❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ s♦❧✈❡rs
❡✈❡r② ❋♦✉r✐❡r✲P❙❚❉ t✐♠❡ st❡♣✳ ▼♦r❡♦✈❡r✱ ❛ ●❛✉ss✐❛♥
✇✐♥❞♦✇ ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ ♣❡r✐♦❞✐❝✐t② ✐♥ t❤❡ ❋♦✉r✐❡r✲
P❙❚❉ ❞♦♠❛✐♥✳
❚❤❡ ❤②❜r✐❞ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥ ❡✈❛❧✉❛t❡❞ ❢♦r ❞✐❢✲

❢❡r❡♥t ❘❑ t✐♠❡ s❝❤❡♠❡s✳ ❚❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡ ❢♦r
t❤❡ ❡✈❛❧✉❛t❡❞ s❝❡♥❛r✐♦ ✐s ❛❝❤✐❡✈❡❞ ✇❤❡♥ ✉s✐♥❣ ❘❑❋✽✹
✐♥ t❤❡ ❉● s♦❧✈❡r ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs NDG = 5 ❛♥❞
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